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ABSTRACT: The equation of state based on the mean spherical approximation (MSA) can
describe electrolyte solutions as a primitive model, where the ions are charged hard-sphere
particles and the solvent is a continuum medium. In recent years, many propositions of the
classical density functional theory (cDFT) for electrolyte solutions have been presented. One
of these is the functionalized MSA (fMSA) which has proven to be a great functional approach
of MSA to calculate the electric double layer structures. This work demonstrates how the
fMSA theory can describe real electrolyte solutions (e.g., NaCl, KI, and LiBr) where hydration
and solvent concentration effects are present. Experimental data of the mean activity
coefficients of different simple salts were successfully reproduced. When the hydrated diameter
and the electrolyte solution electric permittivity are used, the fMSA predicts a charge inversion
on the electrostatic potential near a charged surface at high salt concentrations.

1. INTRODUCTION
Electrolyte systems and processes involving charges are
ubiquitous. Over the years, many theories have been proposed
to describe counterintuitive phenomena, such as charge
inversion,1,2 the attraction between like-charged surfaces,3,4

and long-range oscillatory densities.5 However, the description
of ionic distribution profile close to interfaces6,7 and/or
colloidal macroparticles8,9 is not always accurate despite efforts
to develop suitable theories for all electrolyte solutions and
conditions.

In this context, some versions of classical density functional
theory (cDFT) have been proposed to describe the ion
electrostatic correlation as the “old but gold” bulk fluid density
approximation (BFD),10−12 which consist of a second-order
Taylor’s expansion of the excess free energy around the
densities at the bulk solution, the functionalized mean
spherical approximation (fMSA),13 and the reference fluid
density approximation (RFD).14,15 Both fMSA and RFD
describe well the double layer structure even for divalent and
trivalent ions.7 Although RFD is the most accurate describing
small ions cases, fMSA is less computationally expensive than
RFD.16

In primitive models, the ions are represented by hard-sphere
particles and the solvent by a continuum medium whose
characteristics are described by the dielectric constant. Because
the original mean spherical approximation (MSA)17−20 is a
primitive model, the fMSA has some issues describing real
electrolyte solutions, as it cannot reproduce experimental mean
activity coefficients. Usually, its performance is compared to
Monte Carlo simulation data rather than experimental data.

The original version of the MSA-based equation of state
cannot predict the experimental activity and osmotic
coefficients of simple salt solutions (e.g., NaCl) at high salt
concentrations.21 The last versions of the MSA-based equation
of state22−24 introduced the solvent effects by parametrizing
the thermodynamic properties of pure electrolytes with the use
of the concentration-dependent cation hard-sphere diameter
and the relative electric permittivity parameter. Here, we
introduce the variation of these parameters with the salt
concentration into the fMSA. The effects of these corrections
are taken into account explicitly for the chemical potential and
the excess free energy. Compared to the original fMSA, our
theory is consistent with the MSA equation of state for real
ionic solutions and the experimental data of the mean activity
coefficient of simple salts.

After this introduction, which presents general aspects and
the motivation of this work, Section 2 presents a brief
background about the mean spherical approximation to
describe ion electrostatic correlations in real electrolyte
solutions. The proposed strategy is performed in Section 3
and compared to experimental mean activity coefficients.
Finally, Section 4 presents the conclusions of this work.
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2. REAL ELECTROLYTE SOLUTIONS IN THE MSA
The thermodynamic properties of electrolytes in the primitive
MSA can be derived from the Helmholtz free energy density f
= f id + fexc, where f id is the ideal-gas contribution and fexc is the
excess contribution due to the interparticle interactions. We
can split the excess free energy density into two terms in the
form

= +f f fexc hs ec (1)

where f hs is the ionic hard-sphere contribution and fec is the
electrostatic contribution from the MSA. As an example, the
chemical potential for each ionic species can be obtained by
the derivative

= f
i

i T , j i

i
k
jjjjj

y
{
zzzzz

(2)

with respect to ρi, the number density of ion species i keeping
fixed the temperature T and ρj≠i the number density of other
species j. Besides that, the excess free energy has parameters
such as the hard-sphere diameters of each ion species, ai, and
the solvent relative permittivity, ϵr.

Real electrolyte solutions are known for presenting
hydration and concentration effects.25 These effects can be
considered by introducing the concentration dependence of
the relative permittivity of the solution ϵr and the hard-sphere
diameters of the cations a+.22,23,26 The ion-specific dielectric
decrements can be well described by the model ϵr(cs) = ϵr

(w)/(1
+ ∑iαϵ

(i)xi), where cs is the salt molar concentration, xi is the
mole fraction, ϵr

(w) = 78.5 is the relative permittivity of water at
T = 298 K, and αϵ

(i) is a fitted parameter for each ion i in water
solvent listed in ref 27. In this work, we propose that the cation
hard-sphere diameter can be described by a+ = a+

P + δH/(1 +
αHcs) where aP is the Pauling diameter of a cation and δH and
αH are additional parameters to correct the cation hydrated
diameter. It is worth mentioning that this correlation is better
than the original linear model from ref 22 because in the high
salt concentration limit cs → ∞ we obtain a+ → a+

P, the cation
diameter in the solid salt. Also, in this work, the anion diameter
a− is the Pauli diameter a−

P .25

Thereat, the excess chemical potential must be corrected by
the relative permittivity and the hydrated cation diameter
adjustments. The excess chemical potential is given by μi

exc =
μi

hs + μi
ec + μi

corr where each term can be calculated from

= f
i

i

hs
hs

(3)

= f
i

i

ec
ec

(4)

= +
+

+f
a

a f
i

i r

r

i

corr
exc exc

(5)

and we omit the parentheses for convenience. The first and
second terms on the rhs of eq 5 represent the hydrated cation
diameter correction and the relative permittivity correction in
the excess chemical potential, respectively.

3. RESULTS AND DISCUSSION
Table 1 presents the fitted cation hydrated diameter
parameters, δH and αH, of the hard-sphere diameter for the

MSA model for different electrolyte solutions. These two
parameters were fitted from the logarithm of the mean activity
coefficient calculated by ln γ± = 1/2(βμ+

exc + βμ−
exc), where the

excess chemical potentials are obtained by the sum of eqs 3−5.
At the first-order approximation, i.e., lower salt concentration,
our hydrated diameter correction is equivalent to the original
one from ref 21. The differences between the two corrections
become important for higher salt concentrations.

In Figure 1, we present the comparison between the three
different versions of the MSA and the experimental data of the
mean activity coefficient as a function of the salt concentration
for different electrolyte solutions. The dotted lines represent
the results from the original version of the MSA using the
original Pauli’s cation diameter and the water relative
permittivity. The dashed lines represent the MSA with the
hydrated cation diameter a+ and the relative permittivity ϵr,
both concentration-dependent as in ref 22 but without the
chemical potential correction. The solid lines are our results,
where the hydrated cation diameter a+ with fitted parameter
from Table 1 and the electrolyte relative permittivity ϵr from
ref 27 are both concentration-dependent, leading to the
necessary chemical potential μ± corrections. Without the
chemical potential corrections from eq 5, the mean activity
coefficient can only be described until a concentration around
1.0 M. Therefore, the excess chemical potential correction
terms are extremely necessary to describe the experimental
data of the mean activity coefficient for the whole salt
concentration values.

In Figure 2, we present the results of density profiles for
NaCl at salt concentrations of 1.0, 3.0, and 5.0 M as calculated
from fMSA, as presented in the Appendix. The results
presented by the dashed lines use the Pauli’s ionic diameters
and water dielectric constant (as in the MSA curve of Figure
1), and the data presented by the solid lines use the new cation
hydrated diameter and electric permittivity values presented in
this paper (as in the μ± curve of Figure 1). We can see that for
cs = 1.0 M the density profiles are very similar for original
fMSA and our model. For cs = 3.0 M, the electrostatic potential
profiles are quite different. But for cs = 5.0 M, the double layer
charge inversion amplifies when we use the new hydrated
cation diameter and electric permittivity values, and a charge
inversion in the electric potential profile can be observed in
Figure 2. There is an increase in the electrostatic potential
value at z = a+/2, represented by a peak in the profiles for cs =
3.0 and 5.0 M. This peak is not present in the profile for cs =
1.0 M. In fact, at high concentrations, the cation diameter is

Table 1. Fitted Cation Hydration Correction of the Hard-
Sphere Diameter for the MSA for Different Electrolyte
Solutions

salt δH
a (nm) αH

a (L/mol)

LiCl 0.365(30) 0.025(13)
LiBr 0.38(13) 0.03(6)
LiI 0.4007(6) 0.0482(5)
NaCl 0.1810(1) 0.0257(1)
NaBr 0.1945(16) 0.0326(15)
NaI 0.2239(74) 0.0858(75)
KCl 0.0571(6) 0.1705(36)
KBr 0.0747(7) 0.5603(66)
KI 0.1344(69) 2.86(16)

aThe numbers in parentheses represent the uncertainties in the last
digits.
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smaller and so is the relative permittivity. These two effects
increase the variation of the excess first-order direct correlation
functions Δci(1),exc, as we can see on the lower row of Figure 2.

Figure 3 shows the electrostatic potential values ψ(z = 0)
and ψ(z = a+/2) at the wall position and the diffuse-layer
position, respectively, as a function of the wall surface charge
density σ for NaCl at salt concentrations of 1.0, 3.0, and 5.0 M.
For cs = 1.0 M, the two cDFT models present the same
potential value. But for cs = 3.0 and 5.0 M, our model presents
a higher absolute value of ψ0 than the original fMSA model for
high σ absolute values; e.g., for 5.0 M and σ = −0.5 C/m2 the
wall layer potential values are ψ0 = −150 mV (fMSA) and ψ0 =
−185 mV (our model). This potential increasing is sharper in
the diffuse layer at z = a+/2. For cs = 3.0 M and σ = −0.5 C/m2

the diffuse layer potential values are ψad+/2 = −39 mV (fMSA)
and ψad+/2 = −5 mV (our model). But for cs = 5.0 M and σ =
−0.5 C/m2, there is a potential value inversion at the diffuse
layer with potential values of ψad+/2 = −16 mV for the original

fMSA, and ψa d+/2 = +35 mV for the result in this work. This
phenomenon can be explained by the increase in the first-order
excess correlation function ci(1),exc at the same positions, as
presented by the profiles in Figure 2 and previously discussed.

4. CONCLUSIONS
Therefore, in this work we have made a first attempt to
describe real electrolyte solutions from the primitive model of
the fMSA proposed by Roth and Gillespie.13 We introduced
the cation hard-sphere diameter and electric permittivity
corrections necessary to properly describe the thermodynamic
quantities of simple electrolyte solutions, e.g., the mean activity
coefficient. These corrections turn the cDFT based on fMSA
consistent with the MSA equation of state for real ionic
solutions. Finally, the fMSA with hydrated cation diameter and
electrolyte permittivity predicted a sharp charge inversion on
simple salt solutions with a high salt concentration limit near a
very highly charged surface. This charge inversion can be

Figure 1. Logarithm of the mean activity coefficients as a function of the salt concentration at 298 K for the alkali metal halides composed by Li
(left), Na (middle), and K (right). Open symbols: experimental data.28 Dotted lines: original MSA with ionic Pauli diameters and water ϵr value.
Dashed lines: a+ hydrated diameter and ϵr, both concentration-dependent as in ref 22. Solid lines: a+ with fitted parameter from Table 1, ϵr from ref
27, and the addition of the μ± corrections from eq 5.

Figure 2. Profiles of each ionic density, the mean electrostatic potential, and the excess first-order direct correlation functions (from top to bottom)
of NaCl at three concentrations cs = 1.0 M (left), 3.0 M (middle), and 5.0 M (right). Dashed Lines: original fMSA results with ionic Pauli diameters
and water ϵr value. Solid lines: fMSA results with hydrated cation diameter a+ from fitted parameter as in Table 1 and ϵr value from ref 27.
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verified by measurements of the diffuse layer potential inside a
simple electrolyte in contact with a charged surface. We
emphasize that the cation hydrated diameter and the relative
permittivity corrections are inherent to the primitve MSA
model to describe real ionic solutions. Therefore, future works
in the direction of making these corrections better described
by cDFT should be carried out.

■ APPENDIX
When an electrolyte solution is in contact with a charged
surface, it is subject to an electrostatic potential, such that the
ionic number density becomes spatially inhomogeneous. The
cDFT is the extension of the equation of state to treat
inhomogeneous fluids. For this electrolyte solution with
temperature T, total volume , and chemical potential of
each species μi specified, the grand potential, Ω, is written as

[{ } ] = + +

+ +

F F F

V

r r

r r r r r r

( ) , ( )

d ( ( ) ) ( ) d ( ) ( )

k

i
i i i

id exc coul

ext

(6)

where ρi(r) is the local density of the component i, σ is the
surface charge density, ψ(r) is the local electrostatic potential,
Fid is the intrinsic Helmholtz free energy functional of an ideal

gas, Fexc is the excess Helmholtz free energy functional due to
particle−particle interactions, Fcoul is the free energy due to the
presence of the electrostatic potential and the electrostatic
interactions between the ions, and Vi

ext is the external potential.
The volume of the system is , and is the boundary of the
system.

The ideal-gas contribution Fid is given by the exact
expression

[{ }] = [ ]F r r r r( ) d ( ) ln( ( ) ) 1k
i

i i i
id 3

(7)

where β = (kBT)−1, kB is the Boltzmann constant, T is the
absolute temperature, and Λi is the well-known thermal de
Broglie wavelength of ions of species i.

The Coulomb free energy Fcoul is obtained by the addition of
the electric field energy density and the minimal coupling of
the interaction between the electrostatic potential ψ(r) and the
charge densities Zieρi(r). This free energy just considers the
electrostatic interactions between the ions at the mean-field
level, and it can be written as

[{ } ] = | |

+

rF

Z e

r r r

r r r

( ) , ( ) d
2

( )

d ( ) ( )

k
r

i
i i

coul 0 2

(8)

where Zi is the valence of the ion i, e is the elementary charge,
ϵ0 is the vacuum permittivity, and ϵr is the relative permittivity.

The Helmholtz free energy functional Fexc of the excess
contribution can be separated into three terms:

[{ }] = [{ }] + [{ }] + [{ }]F F F Fr r r r( ) ( ) ( ) ( )k k k k
exc hs ec corr

(9)

The term Fhs represents the excess Helmholtz free energy
functional due to hard-sphere exclusion volume, described by
the modified fundamental measure theory (FMT),29 which
provides an accurate description of the hard-sphere fluid
structures. In this work, we applied the White-Bear func-
tional30,31 for the hard-sphere Helmholtz free energy
contribution as

[{ }] = { }F nr r r( ) d ( ( ) )k
hs

FMT (10)

where ΦFMT is the local free energy density of a mixture of
hard spheres, which is a function of the set of weighted
densities, nα(r) . The term Fec in eq 9 represents the excess
Helmholtz free energy contribution due to charge distribution
correlations, which can be described by the fMSA in the
modified form

[{ }] = { }

| |

F q

c

r r r

r r r r r r

( ) d ( ( ) )

1
2

d d ( ) ( ) ( )

k i

i j
i ij j

ec
MSA

(0)

,

(2)

(11)

where ΦMSA is the local free energy density and qi
(0)(r) is the

shell-of-charge weighted density of the ith species. The second
parcel in eq 11 represents the MSA direct correlation
contribution obtained as a generalization of Rosenfeld’s
method,32 which expands the MSA functional15 in a functional
Taylor series in powers of the local density difference Δρi(r) =
ρi(r) − ρi

(b), where ρi
(b) is the bulk density of the ith species

Figure 3. Wall potential ψ0 (top) and the diffuse-layer potential ψa d+/2

(bottom) as a function of the wall surface charge density σ at two
NaCl concentrations. The labels are described in the Figure 2 caption.

Figure 4. Contact-value theorem calculated using the fMSA with or
without our correction functional, Fcorr.
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and Δcij(2),MSA is the second-order direct correlation function
from the MSA. It is important to highlight that the
modification of the original fMSA proposed here, eq 11, is
sufficient to erase the non-MSA chemical potential present in
the fMSA but not present in the original MSA. This
modification has no effect on the ion density profiles and to
the direct correlation functions, but it is essential to describe
correctly the thermodynamics quantities, e.g., activity and
osmotic coefficients. More details are presented in the
Supporting Information.33 The term Fcorr, which is not present
in the original fMSA, represents the corrections for the real
electrolyte solutions chemical potential in a first-order Taylor’s
expansion approximation on the bulk density as

[{ }] = +

+

+

+

+

+F
a

a
a

a
r r

r

( ) d

( )

k
i

b

i
b

b

i
b

b

r

r

i
b i

corr FMT
( )

( )
MSA
( )

( )

MSA
( )

( )

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅÉ

Ö

ÑÑÑÑÑÑÑÑÑÑÑ (12)

These corrections are negligible when dealing with ionic
solutions where the ions have no hydration effects and the
solvents have no salt concentration effects.

The nonelectrostatic external potential is represented by a
hard-wall in the form

=
<r

V
a

r( )
, /2

0, otherwise
i

iext
l
moo
noo (13)

where r⊥ is the perpendicular distance from the surface to the
center of the sphere i and ai is the hard-sphere diameter of the
ith species.

Finally, the last term in eq 6 is the integral representation of
the electrostatic potential boundary condition. In fact, the
surface charge σ acts as a surface constraint to the electrostatic
potential ψ, equivalent to the chemical potential μi for the ionic
number density ρi.

The thermodynamic equilibrium is obtained by extremizing
the grand potential Ω, which can be obtained by the functional
derivatives as discussed in the Supporting Information.33 In
fact, the equilibrium solution is a saddle point of the grand
potential; i.e., it is a minimum with respect to density profile,
but it is a maximum with respect to the electric potential.

The equilibrium condition for each charged component is
given by

= [ ] + +

+ =

{ }

k T
F

Z e

V

r
r

r
r

r

( )
ln ( )

( )
( )

( ) 0

i T

i i
i

i

i i

, ,

B
3

exc

ext
k

(14)

and for the electrostatic potential it is

= + =
{ }

Z e
r

r r
( )

( ) ( ) 0
T

r
i

i i
, ,

0
2

k (15)

valid in the whole volume , and its boundary condition is

= · + =
{ }

r
r

n r r
( )

( ) ( ) ( ) 0
T

r
, ,

0

k (16)

valid on the boundary surface , where n̂(r) is denoting the
vector normal to the surface pointing inward to the system.

Equation 15 is the well-known Poisson’s equation34,35 of the
electrostatic potential with the boundary conditions from eq
16. Moreover, eq 14 reduces to the solution of a modified PB
equation where the distribution of each ion density is
determined by

= +r( ) ei i
b Z e V cr r r( ) ( ) ( ) ( )i i i

ext (1),exc

(17)

where Δci(1),exc(r) = ci(1),exc(r) + βμi
exc is the variation of the first-

order excess correlation function.
With the introduction of the hard-sphere cation diameter

and the electric permittivity corrections, the first-order excess
correlation functions ci(1),exc(r) are the sum of the following
contributions

=c
F

n
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r
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and
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MSA
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( )
MSA
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where ωi
(α)(r) are the weight functions from FMT, ωi

(s)(r) are
the weight functions from fMSA, and bi = ai + 1/Γb is the shell
diameter of the ith species, i.e., the diameter of the ion plus the
inverse of the MSA screening parameter. The terms from eq 20
were generated to correct the bulk values of the first-order
correlation functions which correspond to the excess chemical
potential values, i.e., ci(1),exc(r) → −βμi

exc when ρi(r) → ρi
(b).

The excess chemical potential is now μi
exc = μi

hs + μi
ec + μi

corr,
and it can be written in terms of the free energy densities ΦFMT
and ΦMSA calculated in the bulk conditions as follows:

= =,i

b

i
b i

b

i
b
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( )

( )
ec MSA

( )

( )
(21)
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MSA
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(22)

The inclusion of the Fcorr from eq 12 does not affect the
density profile as well. In fact, the variation of the first-order
correlation function Δci(1),corr(r) = ci(1),corr(r) + βμi

corr is null
through the system, and it does not add any modification on
the ionic density profiles. The results of Figures 2 and 3 were
generated with just the fMSA, i.e., without the Fcorr.

One of the great tests of thermodynamic consistency of
cDFT is the contact-value theorem. For ions of species i in
contact with a charged wall, the contact-value theorem36,37

requires that the pressure of the bulk fluid, Pb, far from the
surface be determined by
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r
B

2

0 (23)

where ρi(ai/2) are ionic densities at the surface and σ the
surface charge density. The bulk pressure can be obtained by
the grand potential in the form Pb = −Ωb/V.

Figure 4 compares the cDFT predictions for the reduced
bulk osmotic pressure versus the reduced contact pressure, as
presented by the eq 23. The original fMSA has a great
performance when compared to our proposed functional. We
expect the deviations of our model from the contact-value
theorem because they are associated with the bulk density
expansion of the free energy functional. In fact, similar
deviations from the contact theorem are present in the BFD
formulation.38 These results demonstrate that it is necessary to
go beyond the Taylor’s expansion in the formulation of the
correction functional, Fcorr. However, there is a huge difficulty
in treating the derivative terms with respect to the diameter of
the cation because all weight functions depend on the diameter
and must be derived as well.
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